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1
Background

To make this monograph as self-contained as possible, this preliminary chap-
ter contains basic characterizations of quasi-Frobenius and pseudo-Frobenius
rings, together with the necessary background material. We assume familiarity
with the basic facts of noncommutative ring theory, and we refer the reader to the
texts by Anderson and Fuller [1] or Lam [131] for the relevant information. How-
ever, we make frequent use of facts about semiperfect, perfect, and semiregular
rings and about Morita equivalence, often without comment. All these results
are derived in the Appendices, again to make the book self-contained.
Throughout this book all rings considered are associative with unity and all
R-modules are unital. We write J = J(R) for the Jacobson radical of R and
M, (R) for the ring of n x n matrices over R. Right and left modules are denoted
My and g M respectively, and we write module homomorphisms opposite the
scalars. If M is an R-module, we write Z(M), soc(M) and M* = homg(M, R)
respectively, for the singular submodule, the socle, and the dual of M. The
uniform (Goldie) dimension of a module M will be referred to simply as the
dimension of M and will be denoted dim(M). For aring R, we write

soc(Rr)=S,, soc(rgR)=3S;, Z(Rgp)=2Z,, and Z(RR)=1Z.

The notations N C"* M, N C*S M,and N C" M mean that N is a maximal,
(essential, and small) submodule of M, respectively, and we write N C® M if
N is a direct summand of M. Right annihilators will be denoted as

r(Y)=rx(Y)={xe X |yx=0forally € Y},

with a similar definition of left annihilators, 1x(Y) = 1(Y). Multiplication maps
X = ax and x — xa will be denoted a- and -a respectively. If 7 is a property of
modules, we say that M is a w module if it has the property 7 and that the ring
R is aright 7 ring if Ry is a m module (with a similar convention on the left).
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1.1. Injective Modules

Injective modules are closely related to essential extensions. If K C M are
modules, recall that K is called an essential submodule of M (and K C M is
called an essential extension) if K N X # 0 for every submodule X # 0 of
M. This state of affairs is denoted K C°* M. We begin with a lemma, which
will be referred to throughout the book, that collects many basic properties of
essential extensions.

Lemma 1.1. Let M denote a module.

(1) IfK € N € M then K C* M if and only if K C°* N and N C*° M.

Q2)IFKC* NCMandK' C® N C Mthen K NK' C NNN'.

(3) Ifo : M — N is R-linear and K C°* N, then o' (K) C* M, where
a '(K)y={me M |a@m) e K}.

(4) Let M = @®;¢;M; be a direct sum where M; C M for each i, and let
K; € M; for eachi. Then ®;c; K; C°° M if and only if K; C*° M; for
eachi.

Proof. (1) and (2). These are routine verifications.

(3). Let 0 # X € M; we must show that X N o Y(K) # 0. This is clear if
a(X) = 0 since then X € o~'(K). Otherwise, a:(X) N K # 0 by hypothesis,
say 0 # a(x) € K, x € X. Then0 # x € X Na~'(K).

4). Write K = ®;¢;K;, and assume that K; C** M; for each i. Then
K <** M if and only if mR N K # 0O for each 0 £ m € M. Since m lies
in a finite direct sum of the M;, it suffices to prove (4) when [ is finite, and
hence (by induction) when |I| = 2. Let my : M| & M, — M, be the projec-
tion with ker(m;) = M,. Then K| & M, = nl_l(Kl) c My & M, by (3).
Similarly, M} & K, C*° M| & M>, and (4) follows from (2) because K| &
K> = (K @ Mx) N (M| @ K>). o

This book is concerned with injective modules and their generalizations, and
the main properties of these modules are derived in this section. A module
Eg is called injective if whenever 0 — N X Mis R-monic, every R-linear
map 8 : N — E factors in the form 8 = y o « for some R-linear map

0> NS> Mm

14
Bl v
E

y : M — E.These modules admit a characterization that we will use repeatedly
in the following.
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Lemma 1.2. A module E is injective if and only if, whenever K C M, every
R-linear map B : K — E extends to an R-linearmapy : M — E.

Proof. The condition clearly holds if E is injective. Conversely, if N — M is
R-monic, the map o’ : «(N) — N is well defined by «’(a(n)) = n forn € N.
Then, given 8 : N — E,themap Bo«a’ : a(N) — E extendstoy : M — E
by hypothesis, and one checks that y o o = 8. O

Corollary 1.3. If E = IT; E; is a direct product of modules, then E is injective
if and only if each E; is injective.

Proof. Let E; 5 E Ly ; be the canonical maps. If E is injective, and if
K € Mand B : K — E; are given, there exists y : M — E such that y =
ociofonK.Thenm oy : M — E; extends 8, proving that E; is injective by
Lemma 1.2. Conversely, if each E; is injective, leto : K — E, where K C M.
For each i, there exists y; : M — E; extending r; oa. If y : M — E is
defined by y(m) = (y;(m)) for each m € M, then y extends « because x =
(m;(x)) for each x € M. It follows that E is injective by Lemma 1.2. d

Surprisingly, to prove that a module E is injective, it is enough to verify the
condition in Lemma 1.2 when M = R.

Lemma 1.4 (Baer Criterion). A right R-module E is injective if and only if,
whenever T C R is a right ideal, every mapy : T — E extendsto R — E,
that is, y = c- is multiplication by an element c € E.

Proof. The condition is clearly necessary. To prove sufficiency, let K C M be
modules and let 8 : K — E. In this case, let F denote the set of pairs (K’, ')
such that K € K’ € M and B’ : K/ — E extends 8. By Zorn’s lemma, let
(K", B") be a maximal member of F. We must show that k' = M. If not, let
meM—K",letT ={r € R|mr € K'}—arightideal, anddefiner : T — E
by A(r) = B (mr). By hypothesis there exists A : R — E extending A, and we
use it to deﬁneﬁ K '+mR > E by ﬁ(y~|—mr) = ﬂ”(y)—i—i(r), where y € K’
and r € R. This is well defined because y 4+ mr = 0 implies that mr € K"
and so A(r) = A(r) = B (mr) = B (—y) = —B'(y). Since B is R-linear and
extends B this contradicts the maximality of (K", ) in F. O

It is a routine matter to show that an (additive) abelian group X is injective
as a Z-module if and only if it is divisible, thatis, nX = X forany 0 # n € Z.
Examples include Q and the Priifer group Z ,~ for any prime p. Divisible groups
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can be used to construct injective modules over any ring. The second part of
the next lemma was discovered by Baer in 1940.

Lemma 1.5. Let R be a ring. Then the following hold:

(1) If Q is a divisible group then Egx = homyz(R, Q) is an injective right
R-module.
(2) (Baer) Every module M embeds in an injective right module.

Proof. (1).If . € E anda € R, E becomes a right R-module via (A - a)(r) =
Aar)forallr € R.Nowlety : T — Eg be R-linear, where T is a right ideal
of R. By Lemma 1.4 we must extend y to Rg — Eg. Define8 : T — Q by
6(t) = [y(®)](1). Then 6 is a Z-morphism; so, since zQ is injective, let 0 :
R — Q be a Z-morphism extending 6. Since § € E, define § : R — E by
P(a) =0 -aforalla € R. One verifies that  is R-linear, and we claim that it
extends y; thatis, p(¢) = y(t) forallt € T. If r € R, we have

[PO1r) =10 - t1(r) = 6(tr) = 0(tr) = [y t)](1) = [y (1) - r1(1) = [y (OI(r)

because y is R-linear and y(¢) € E. Hence y(t) = y(¢), as required.

(2). Given Mg, let ¢ : Z") — M be Z-epic for some set I, so that ;M =
ZD/K € Q'/K, where K = ker(¢). Write Q = Q' /K and note that Q is
divisible. Since Mp = hom(Rg, M) viam +— m-, we get

Mpgr = homg(Rg, Mg) C homz(R, M) — homz(R, Q).

Since Ex = homz(R, Q) is injective by (1), this proves (2). O

Corollary 1.6. A module E is injective if and only if every monomorphism
o : E — M splits, that is, o (E) C® M.

Proof. If 0 : E — M is monic there exists y : M — E suchthaty oo = 1.
Then M = o(E) @ ker(y). The converse is clear from Lemma 1.5 because
direct summands of injective modules are injective. O

Before proceeding, we need another basic property of essential extensions.
If K is a submodule of a module M, it is a routine application of Zorn’s lemma
to see that there exist submodules C of M maximal with respectto K NC = 0.
Such a submodule C is called a complement' of K in M. Thus K C** M if
and only if 0 is a complement of K.

! Tt is sometimes called an intersection complement, or relative complement.
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Lemma 1.7 (Essential Lemma). Let K € M be modules. If C is any comple-
ment of K in M then the following hold:

(1) K®C C* M.
2) (K®C)/C < M/C.

Proof. (1). Let X be a nonzero submodule of M; we must show that X N
(K & C) # 0. This is clear if X C C. Otherwise the maximality of C shows
that K N (X 4+ C) # 0, say 0 # k = x + c with the obvious notation. Hence
x e XN(K & C), and x # 0 because K N C = 0.
2).LetY/CN(K®C)/C =0.If Y # C then Y N K # 0 by the choice of
C,say0#aeYNK.Thena+CeY/CN(KPC)/C=0so0a € C.But
then 0 £ a € C N K = 0, which is a contradiction. O

Given any module M, an R-monomorphism M 2 E is called an injective
hull (injective envelope) of M if E is injective and o (M) C**° E. The following
result is a famous theorem that traces back to Baer, to Eckmann and Schopf,
and to Shoda.

Theorem 1.8 (Baer/Eckmann-Schopf/Shoda). Let Mg be a module.

(1) M has an injective hull.
(2) If M A E and M 5 E, are two injective hulls there exists an isomor-
phismt : E; — E, such thatoy = t o 0.

Proof. (1). By Lemma 1.5 let M C Qx where Qy is injective, and, by Zorn’s
lemma, let E be maximal such that M C* E C Q. Thenlet C C Q be maxi-
mal such that £ N C = 0; it suffices to show that E® C = Q (so E is injective).
By Lemma 1.7 we have £ = (E @ C)/C <** Q/C. Define o : (E & C)/
C - Qbyo(x+C) =xif x € E. Since Q is injective, o extends to
6 : Q/C — Q. Then 6 is monic because ker(6) N (E & C)/C = 0, and so
imo)=6((E® C)/C) € 6(Q/C). Since M C** E = im(o) it follows
that E C** 6(Q/C), and so E = §(Q/C) by the maximality of E. But then
6(Q/C)=E =6((E & C)/C) and we conclude that Q = E & C because &
is monic. This is what we wanted.

(2). The given map t exists because E; injective. Moreover, T is monic be-
cause ker(t) N oy (M) = 0 (since o, is monic) and o;(M) C** E,. Hence
7(E;) C%® E, by Corollary 1.6. But 7(E;) C%* E, because o,(M) =
to01(M) C t(E;) and 0o(M) C** E, by hypothesis. It follows that 7 is onto
and so is an isomorphism. O
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Hence we are entitled to speak of the injective hull of a module M and to denote
itby E(M). We will usually assume that M C E(M); so, for example, we have
E(Z) = Qand E(Zy) = Zpy~ for any prime p and n > 2. The assumption that
M C E(M) is justified by the following result.

Lemma 1.9. Let o : M — E(M) be an injective hull of the module M. If
M C G, where G is any injective module, there exists a copy E = E(M) in-
side G such that M C*% E C® G.

Proof. As G is injective, there exists t : E(M) — G such that m = to(m)
for every m € M. Since ker(t) N o (M) = 0 it follows that 7 is monic, and we
are done by Corollary 1.6 with E = t[E(M)]. O

Lemma 1.9 will be used frequently in the following, usually without com-
ment. In particular, let M = @} _;M; be a direct sum of modules, and let
M C E(M). By Lemma 1.9 we can choose a copy of E(M;) such that
M; C*S E(M;) C E(M) for each i. One verifies that E(M;) N E(M>) = 0, so
(by Lemma 1.1) M| & M, €*° E(M,) & E(M,). Continuing inductively, we
conclude that ¥ | E(M;) is direct and that M = @!_ | M; C*° @!_, E(M;).
Since @_, E(M;) is injective (Corollary 1.3) we have proved the following:

Proposition 1.10. If M = ®]_,M; is a finite direct sum of modules then
E@_ M) =&_ EM)).

1.2. Relative Injectivity

Let M and G denote right R-modules. We say that G is M-injective if, for any
submodule X C M, every R-linear map 8 : X — G can be extended to an R-
linearmap B : M — G, equivalently (see the proof of Lemma 1.2) if, for every

X—>M

p
Bl v
G

monomorphismo : X — M thereexists A : M — G such that 8 = Aoo. Thus
G is injective if and only if it is M-injective for every module M, equivalently
(by the Baer criterion) if G is R-injective. The proof of Corollary 1.3 gives

Lemma 1.11. Let G = Il;;G; and M be modules. Then G is M -injective if
and only if G; is M -injective for eachi € I.
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Lemma 1.12. If G is M -injective and N C M then G is both N -injective and
(M/N)-injective.

Proof. Given X —’3> G, where X C N, extend 8 to B : M — G by hypothesis.
Then the restriction A v : N — G extends B, so G is N-injective. Now let
a:X/N—->G,NCXCM,andletw : X — X/N be the coset map. Then
aom: X — Gextendsto A : M — G by hypothesis. Hence & : M/N — G
is well defined by &(m + N) = A(m), and & extends «. This shows that G is
(M/N)-injective. O

Note that if G is both N- and (M /N )-injective it does not follow that G is
M-injective. Indeed, there is a monomorphism Z, 57 2 of abelian groups,
given by o(n + pZ) = pn + p*Zforalln € Z.Let G = Z, and N = im(o).
Then G is both N- and (Z 2/ N)-injective (because N and Z,: /N are simple),
but G is not Z ,>-injective because any map A : Z,» — Z, satisfies A(N) = 0.
However, we do have

Lemma 1.13 (Azumaya’s Lemma). IfG and M = M| @ --- & M,, are mod-
ules, then G is M-injective if and only if G is M;-injective for each i =
1,2,...,n.

Proof. If G is M-injective, then G is M;-injective for each i by Lemma 1.12.
Conversely, if G is M;-injective for each i, let § : X — G be R-linear, where
X C M. As in the proof of Lemma 1.4, let (C, 8*) be maximal such that
X € C C Mand B*: C — G extends §. We show C = M by proving that
M; < C for each i. By hypothesis there exists «; : M; — G such that o; = 8*
on M; N C. Construct §; : M; + C — G by B;(m; + ¢) = a;(m;) + B*(c) for
all m; € M; and ¢ € C. Then g§; is well defined because «; = 8* on M; N C,
and B; extends B because X € C and g* extends 8. Hence M; + C = C by the
maximality of (C, *), so M; C C, as required. d

It is not surprising that there is a characterization of when G is M-injective
in terms of the injective hulls £(G) and E(M).

Lemma 1.14. A module G is M-injective if and only if (M) € G for all
R-linear maps A : E(M) — E(G).

Proof. Ifthe condition holds,let 8 : X — G be R-linear, where X C M. Since
E(G) is injective there exists ﬁ : E(M) — E(G) extending 8. But 3(M) cG
by hypothesis, so the restriction ,3‘ M M — G extends S.
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Conversely, assume that G is M-injective, and let A : E(M) — E(G) be
R-linear. We must show that A\(M) C G.If X = {x € M | A(x) € G} then the
restriction Ay : X — G extends to u : M — G. Hence it suffices to show
that (A — w)(M) = 0. Since G C** E(G), it is enough to show that G N
A —w)(M) =0.Butif g = (A — u)(m), where g € G and m € M, then
A(m) = u(m) + g € G, som € X. This means that A(m) = u(m) by the
definition of x. Hence g = A(m) — u(m) = 0, as required. d

A module M is called quasi-injective if it is M -injective, that is, if every map
B : X — M, where X is asubmodule of M, extends to an endomorphism of M.
Clearly every injective or semisimple module is quasi-injective, but the converse
is false (for example, Z, is quasi-injective as a Z-module, as we shall see).

Lemma 1.14 leads to an important characterization of quasi-injective mod-
ules. We say that a submodule K C M is fully invariant in M if M(K) C K for
every A € end(M). Then taking G = M in Lemma 1.14 gives immediately

Lemma 1.15 (Johnson-Wong Lemma). A module is quasi-injective if and
only if M is fully invariant in its injective hull E(M).

Thus, for example, Z, is quasi-injective as a Z-module for any prime p because
it is fully invariant in its injective hull Z .

Corollary 1.16. Let M be a quasi-injective module. If E(M) = ®;¢; K;, then
M = @ic;(M N K;).

Proof. Letm = X' k; € M, where each k; € K;. If m; : E(M) — E(M)is
the projection onto K;, then k; = m;(m) € m;(M) € M by Lemma 1.15, so
ki € M N K;. Hence M C ®;c;(M N K;); the other inclusion is clear. a

If p is a prime, the Z-module Q @ Z, is not quasi-injective even though
Q is injective and Z, is simple. (The coset map Z — Z, does not extend to
Q@ Z, — Z, because there is no nonzero map Q — Z,.) Hence the direct
sum of two quasi-injective modules need not be quasi-injective. However, we
do have the following lemma:

Lemma 1.17. If M is quasi-injective so also is every direct summand N .
Proof. f M = N @ N’ and B : X — N is R-linear, where X C N, then

extends to B : M — M by hypothesis. If 7 : M — N is the projection with
kernel N’, then A = (7 o ,3)|N is in end(N) and extends 8. O



1. Background 9

The next result uses Lemma 1.15 to identify when a finite direct sum of
quasi-injective modules is again of the same type.

Proposition 1.18. Let My, ..., M, be modules and write E; = E(M;) 2 M;
for each i. The following are equivalent:

(1) M| & --- & M, is quasi-injective.
(2) M(M;) € M; for all R-linear maps A : E; — E;.

Proof. Let M; e D My X M; denote the canonical maps, and write £ =
E(@iM) = G Ex.

()=(2). Given (1) and A : E; — E;, letm; € M;. Wehave rj 0 0; = 1,
for each j, so A(m;) = (7wjo;Am;0;)(m;) = mj(ojAn;)(oim;) € M; because
(0jAm; ) (@K My) € @M by (1) and Lemma 1.15.

2)=(). Given A : & Ey — Dy Ey, we must show (by Lemma 1.15) that
MBrMy) € BMy. Letm =my + -+ +m, € M. Since Zyopm, = 1g,
we compute

JTj)»(n_’l) = njk(Ekoknkrh) = Ek(ﬂjkdk)(ﬂkﬁl) = Ek(njkok)(mk) [S @kMk

because (7 Ao )(My) € M| for all j and k by (2). O

Thus, for example, Z, is quasi-injective as a Z-module for each n € Z. In
fact,Z, = Z o ®---PZ Pk for distinct primes p;, each Z P is quasi-injective,
and homz(Z =, Z4~) = 0if p and g are distinct primes.

Corollary 1.19. A module M is quasi-injective if and only if M" is quasi-
injective.

1.3. Continuous Modules

In his work on continuous rings, Utumi identified three conditions on a ring
that are satisfied if the ring is self-injective. The analogs of these conditions for
amodule M are as follows:

(1) M satisfies the C1-condition if every submodule of M is essential in a direct
summand of M.? (Note that we regard the zero submodule as essential in
itself.)

(2) M satisfies the C2-condition if every submodule that is isomorphic to a
direct summand of M is itself a direct summand.

2 This condition is also referred to as the CS-condition because it is equivalent to the requirement
that every complement submodule is a direct summand (complement submodules are also called
closed submodules). We return to this topic in the following section.
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(3) M satisfies the C3-condition if, whenever N and K are submodules of M
withNC® M, K C® M,and NNK =0, then N® K C® M.

A ring R is called a right C1 ring (respectively C2 ring, C3 ring) if the module
Ry has the corresponding property.

If M is an indecomposable module then M is a C3 module; M is a C1 module
if and only if it is uniform (thatis X N Y # 0 for all submodules X # 0 and
Y # 0) and M is a C2 module if and only if monomorphisms in end(M) are
isomorphisms. The Z-modules Z, and Zg each satisfy the C1-, C2- and C3-
conditions, but their direct sum N = Z, @ Zg is not a C1 module because,
writing S = Z, @ 0and K = Z(1 4 2Z, 2+ 8Z), we see that K is contained in
only two direct summands N and S @ K and is essential in neither. Moreover,
N is not a C2 module because the non-summand 0 @ Z(4 + 87Z) is isomorphic
to the summand Z, @ 0. Hence a direct sum of C1 modules, or C2 modules,
may not inherit the same property.

As an abelian group, Z satisfies both the C1- and C3-conditions, but it is not
a C2 module. However, if F is a field let R = [g i], where V = F & F. If
e=[yo] theneR = [} § ] is indecomposable (in fact eRe = F) and is a C2
module because monomorphisms are epic, but it is not a C1 module because it
is not uniform.

Example 1.20. Let R = [g ?] where F is a field. Then R is a right and left
C1 ring, but neither a left nor right C2 ring.

Proof. We have J = [8 g] = ¢, R (where ¢;; is the matrix unit), so R is not
right C2 because Jg is not a direct summand of Rg. Similarly, R is not left C2.
To see that R is right C1, let 7 # 0 be aright ideal. If T ¢ S, = [8 g] then
T =e;jRorT = R,soT isasummand. If T = S, then T C** Rp because R
is right artinian. So we may assume that dimp(T) = 1,say T = xR, x € §,.
Ifx2=x # 0 we are done. Otherwise x € J, so T = J and one verifies that
T C° e1R = [g g] Hence R is right C1; similarly R is right C2. d

Lemma 1.21. The C2-condition implies the C3-condition.

Proof. Let N C® M and K C%® M satisfy N N K = 0; we must show that
N®K C® M. Write M = N®N', andletr : M — N’ be the projection with
ker(m)=N.Ifk e Kandk =n+n',n e N, n € N, then w(k) = n’ and
it follows that N @ K = N @ w(K). Hence we show that N @ w(K) C® M.
Since mx : K — M is monic we have 7 (K) C® M by the C2-condition.
Since 7 (K) C N/, it follows that N' = 7 (K) @ W for some submodule W and
hence that M = N @ n(K) & W. Thus M satisfies the C3-condition. d
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A module is called continuous if it satisfies both the C1- and C2-conditions,
and amodule is called quasi-continuous if it satisfies the C1- and C3-conditions,
and R is called aright continuous ring (right quasi-continuous ring) if R has the
corresponding property. As the terminology suggests, every continuous module
is quasi-continuous (by Lemma 1.21). Clearly every injective or semisimple
module is continuous; in fact:

Proposition 1.22. Every quasi-injective module is continuous.

Proof. Let M be quasi-injective. If N € M then E(M) contains a copy of
E(N)=E,and E(M) = E & G for some submodule G because E is injective.
But then Corollary 1.16 shows that M = (M N E) & (M N G). Moreover,
N C% E,so N €% (M N E). This shows that M has the C1-property.

Now suppose that N = P C® M. Since M is M-injective, it follows from
Lemma 1.11 that P is also M-injective and hence that N is M-injective. But
then the identity map 1 : N — N extends to A : M — N, and it follows that
M = N @ ker(A). This proves C2. O

The following lemma is a useful connection between essential submodules
and singular modules.

Lemma 1.23. If K C*° M are modules then M /K is singular, that is,
Z(M/K)= M/K.

Proof. If K C* M and m € M, we must show that rgx(m + K) C°* Rp,
that is, DR Nrr(m + K) # 0 for every 0 £ b € R. This is clear if mb = 0.
Otherwise, we have mbR N K # 0 by hypothesis, say 0 £ mba € K, a € R.
But then 0 £ ba € bR Nrr(m + K), as required. a

We can now prove two important results about endomorphism rings. A ring
R is called semiregular’® if R/J is (von Neumann) regular and idempotents lift
modulo J, equivalently (by Lemma B.40 in Appendix B) if, for eacha € R
there exists > = e € aR such that (1 — e)a € J. We are going to prove
that the endomorphism ring S of a continuous module My is semiregular and
J(S) ={a € S| ker(a) €*° M}. We will need the following lemma.

Lemma 1.24. Given My, write S = end(M) and S = S/J(S), and assume S
is semiregular and J(S) = {a € S | ker(a) C%° M}.

(1) Ifn?> =m and t> = v in S satisfy 7SN TS =0thentM NtM = 0.
(2) If M satisfies the C3-condition and ¥;c;7; 8 is direct in S, where 7} =
7; € S for each i, then X;¢;m; M is direct in M.

3 These rings are also called F-semiperfect in the literature.
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(3) If M is quasi-continuous and ¥;c;m; M is direct in M, where JTI-Z =m €S

for each i, then X;¢;7; S is direct in S.

Proof. (1). We begin with a simplifying adjustment.
Claim 1. We may assume that Tz = 0.

Proof. As § is regular, let #S @ 7S @ T = S, with T aright ideal of S. Let
7> = fbesuch that 7§ = S and #S @ T = (1 — 7)S. By hypothesis, we may
assume that n> = 75 in S. Note that 77 = 0. Then y = 7 + (1 — 7) satisfies
y2=y, yr=rt,andty =y,50tM = yM and TS = 7 §. Moreover, 7 = i
because T7) = 7j and 7T = T. Hence y& = 7 = 0, so replacing t by y proves
Claim 1.

By Claim 1 we have tr € J(S), so writing K = ker(tm), we have K C**
M by hypothesis. It follows that r K C** 7 M (if 0 # X € M then tx = x
foreachx € X, s00 # XN K < X NnaK). However, tt K = 0, so
wK C ker(t), whence r K NtM = 0. This in turn implies that M Nt M = 0
because 7 K C*° n M.

(2). It is enough to show that X, pmr; M is direct for any finite subset F' C 1.
Write F = {1, ..., n} and proceed by induction on n. If n = 1 there is nothing
to prove, and if n = 2 then (2) follows from (1). Assume inductively that
mM+ --- +m,M is adirect sum, n > 1. Then the C3-condition implies that
TM® - ®n,M=nM forsomen?>=m €.

Claim2. nS=mS+ --- +m,8S.

Proof. Wehave nm; = m; foreachi (because ;; M C M), so X m; S C 7 S.
Foreachi =1,...,n,letp; : M — m; M be the projection, so that rp; = p;
foreachi and m = X/_, p;m = X/_, 1;, where we define 7; = p;7 for each i.
Then nt; = 7; foreach i, and so 7§ = X' |5;S = T m;§ € X m;S.
This proves Claim 2.

By Claim 2 we have 7§ = ©iS @ -+ & 7,5, so 78§ N 7,115 = 0.
But then (1) implies that M N7, M = 0. Since afM & --- &, M =
M, this shows that mi1M & --- & 7,M & m, 1M is a direct sum, as
required.

(3).Foreachi € I'letC;beaclosureof @ ;.;m; M, sothat®;;m; M C*° C;.
It follows that m; M N C; = 0. But C; is a direct summand of M by the C1-
condition, so the C3-condition implies that M = m;M @& C; & N; for some
submodule N; € M. So, foreachi € I, let Tiz =1; € Ssatisfy ;M = oM
and ker(t;) = C; ® N;. Then m;t; = t; and t;;r; = m;, and so ;S = 7;S.
Furthermore, 7;7; = 0 for all j # i because 7;M C C; C ker(t;). But then
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7;7; = 1i(mwjt;) = (r;m;)t; = 0 whenever i # j, so the 7; are orthogonal.
Thus X;7;§ = %;% S is direct in S because the ; are also orthogonal. O

We can now prove an important result about the endomorphism ring of a
continuous (or quasi-injective) module.

Theorem 1.25. Let Mg be a continuous module with S = end(Mpy). Then:

(1) S is semiregular and J(S) = {@ € M | ker(a) C° M}.
(2) S/J(S) is right continuous.
(3) If M is actually quasi-injective, S/J(S) is right self-injective.

Proof. (1). Write A = {o € S | ker(a) C*° M}. It is a routine exercise to
show that A is a left ideal of S; it is also a right ideal using (3) of Lemma 1.1.
If @ € A the fact that ker(a) N ker(1 — o) = 0 means that ker(l — a) = 0.
Hence (1 —a)M = M, so, by C2, (1 —a)M C® M. Butker(a) C (1 —a)M,
so it follows that (1 — )M = M. Hence 1 — « is a unit in S, and it follows
that A C J(S).

Leta € Sand (by Cl)letker(a) €*° P where P@®Q = M.ThenaQ = Q,
so (by C2) letaQ @ W = M. Then B € S is well defined by (g + w) = ¢q,
ge Q,we W.If 12 = 7 € § satisfies 7M = Q, then Bar = m. Define
T =anB. Thent? =1 € aSand (1 — 7)o = a — anPa is in A because
ker(o —amfo) D ker(a) @ Q and ker ()@ Q C° P @& Q = M (by Lemma
1.1). It follows that S/A is regular and hence that J(S) € A. This proves that
J(S) = A and so S is semiregular by Lemma B.40. This proves (1).

In preparation for the proof of (2) and (3), let T be a right ideal of S and, by
Zorn’s lemma, choose a family {7;5 | i € I} of nonzero, principal right ideals
of S maximal such that 7;5§ € T for each i and X;7;S is direct. Since S is
regular, we may assume that each 7; is an idempotent; since idempotents lift
modulo J(S) we may further assume that niz =g; in S. Then X;m; M is direct
by Lemma 1.24.

(2). Let @;m; M C* M, wheren2 =7 € S (by C1). Since ;; M C 7 M
for each i, we have 7;S € 7§, so ®;7;S € 78S.

Claim. @;7;S <°* 78§.

Proof. Suppose that 1S N (@;7;S) = 0, where fj € #S. As before, we may
assume that n> = n in S. Thus nM N (P;7; M) = 0 by Lemma 1.24. Since
7 = 7, we have (mn — n) € J(S) = A and so (wn — n)K = 0O for some
K C%% M.Butthisimplies that nK € w M, and it follows that K = O because
(p;m; M) C*° wM. Hence n € J(S), so ij = 0. This proves the Claim.



